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A new version of the microscopic theory of Fermi systems is proposed. A closed functional
equation is obtained for the effective interaction potential R of the quasiparticles.

Methods for calculating R in terms of the particle interaction potential are discussed. It is
shown that in the well-known local approximation the functional equation for R

reduces to an integro-differential equation. To within a few percent, this approximation
reproduces the Monte Carlo equations of state for the model systems for which Monte Carlo
results are known. The contribution of the A resonance degrees of freedom to the ground-
state energy is analyzed. Problems of the microscopic calculation of the properties of phase

transitions are discussed.

INTRODUCTION

This paper gives an exposition of a new version of
microscopic theory for Fermi systems with arbitrary inter-
action between the particles. The task of any microscopic
theory is to describe the properties of the considered sys-
tem in terms of the parameters that determine its Hamil-
tonian. In many-body theory, several approaches associ-
ated with summation of infinite perturbation theories have
so far been developed. One of them, the cluster expansion,1
is designed to find the pair correlation function g(ry,),
which determines the interaction energy of the system. The
development of an algorithm for summing the diagrams of
the cluster expansion for g(r);) and methods of approxi-
mate solution of the resulting equations is the main content
of FHNC (Fermi hypernetted chain) theory.? This ap-
proach has been widely and successfully applied to the
description of the properties of various systems. But some
diagrams, for example, in nuclear calculations beginning
with the fifth order, as in any approach based on the use of
perturbation theory, must be ignored, and this makes the
approach vulnerable, especially when it is applied to the
description of dense systems.

Another version of microscopic many-body theory—
the coupled-cluster (exp S) theory—was proposed in Refs.
3-5. It operates with a wave function of the system. Exact
solution of the problem in this approach involves the con-
sideration of infinite systems of coupled equations that de-
termine the contribution of the many-particle correlations.
The standard method of solving this system is to truncate
the hierarchy of cluster equations, the contribution of all
clusters beginning with a certain number & being neglected.
This leads to errors that are sometimes difficult to estimate.

The Monte Carlo approach® is free of the shortcomings
associated with the loss of the contribution of certain per-
turbation-theory graphs. In it, the variational problem of
finding the minimum for the energy of the many-particle
system, which consists of calculating multidimensional in-
tegrals, is solved by Monte Carlo methods. This method of
calculation, which is very laborious, particularly for Fermi
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systems, is regarded as the most accurate method for cal-
culating the ground-state energy. Monte Carlo results for
model Hamiltonians are treated as experimental data, and
results obtained by other methods are usually compared
with them. Unfortunately, the Monte Carlo method works
best with simple potentials, and as yet there are no Monte
Carlo results with realistic potentials. In addition, in this
approach a small number of properties of the system are
calculated, and there are great difficulties in calculating the
spectrum of single-particle and collective excitations of the
system and the parameters in the low-temperature expan-
sion of the thermodynamic potential.

For 20 years, a different approach has been developed
in the theory of an electron gas, in which the quasiparticle
formalism developed by Hohenberg, Kohn, and Sham,”? is
used to calculate the pair correlation function. The advan-
tages of this approach are, first, its simplicity and transpar-
ency. Second, this approach makes it possible to use the
achievements in Landau’s theory of Fermi liquids®!® and,
if inhomogeneous systems are under consideration, the ex-
perience from the theory of finite Fermi systems.!!

The proposed new version of microscopic theory of
Fermi systems is in the line of these approaches. The main
tool of the new approach is the linear response function
x (1, 2) of the system and its functional derivatives §y/8p,
8%x/8pdp, etc. (p is the density of the system). The prin-
cipal equation of the approach is a functional equation for
the effective interaction potential R of the particles; this
determines the difference between the system’s response
function y and the response function y, of noninteracting
particles. Formally, this equation is equivalent to the sys-
tem of equations of the cluster approach or the system of
equations of the Green’s-function method, but the closed
form of the resulting equation and the simplicity of the
interpretation makes it possible to develop relatively simple
approximate methods of its solution. As a result, in the
zeroth—local—approximation everything reduces to a sin-
gle integro-differential equation, which can be solved by
numerical methods. This zeroth approximation already re-
produces the known Monte Carlo results for the ground-
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state energy with an error of 2-5% in the entire range of
variation of the density.'>!* Nevertheless, for some systems
the accuracy of the zeroth approximation may be inade-
quate. Therefore a large proportion of the paper is devoted
to the refinement of this approximation and the formula-
tion of iterative computational procedures based on the use
of the local approximation for the functional derivatives of
x- We emphasize that no perturbation-theory diagrams are
ignored in either the zeroth or the following approxima-
tions. Moreover, at each stage of the calculations one of the
basic consistency properties—the sum rule for the
compressibility*—is satisfied.

One of the sections of the paper is devoted to micro-
scopic calculation of the constants in Landau’s Fermi-lig-
uid theory in the framework of the proposed approach.
Such calculations are not yet amenable to Monte Carlo
methods. However, in our approach calculation of the ef-
fective mass M* and of the constants f and g, which char-
acterize the scattering amplitude of the quasiparticles at
the Fermi surface, requires the solution of linear integral
equations with known kernels expressed in terms of the
effective potential R, which can be calculated separately,
when the equation of state of the system is found. In the
review, we also consider the problem of quantitative deter-
mination of the properties of the various phase transitions
which occur in the system when its density is changed.

1. BASIC EQUATIONS

The method that we wish to describe is based on use of
the response function. In this sense, it is a “descendant” of
the approaches developed to calculate the energy of an
electron gas in solid-state theory.®!* However, in contrast
to the remaining methods, this one permits achievement of
the aim—a rigorous functional equation for the effective
interaction potential R of the particles, which determines
not only the response function but many other properties
of the system. Moreover, the aim is achieved with extreme
brevity—literally in a few steps.

We begin with the equation of state £(p) of a normal
Fermi system whose particles interact by means of a scalar
two-body potential 7”. Then its energy E, can be expressed
in terms of the density—density linear response function y
by the following formula'* (for details, see Appendix A):

E0=T+ W,

where
1
W=Wy—3 f f 7 (1 — 1) [x(rirpyo)
C

do dgl

+ 27Tp(r1)5(r1 — r2)5(1a)) ]drldl'z 2_‘”_1,; .

(1)

The Hartree energy Wy is given by the well-known rela-
tion

1
WH‘—'E f J p(r)p(ry) 7 (r) — rp)drydr,, (2)
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where 7 is the energy of a system of noninteracting parti-
cles. The integral over the coupling constant g; is from zero
to the actual value g, and the integral over o is along the
imaginary axis from —ieco to +ico.

We note immediately (for more details, see Sec. 4)
that an expression like (1) is also obtained for nuclear
one-boson exchange Hamiltonians. The only difference is
that now the result also contains other response functions:
spin-spin, y,, etc.

We recall that the density—density linear response
function y determines the change 8p in the density of the
ground state of the system in a weak scalar external field
6 V():

Sp(r,w)= f x (r,r,w)8Vo(ry)dr,. 3)

In fields with imaginary frequency w = iw, there is no
energy transfer, and the ground state of the system remains
the ground state. At the same time, the change in the
internal energy of the system, 5°E, = (6|H |6)
— (0]|H|0), can be again expressed in terms of the re-
sponse function y:

) 1
8’Ey= ) f 5Vy(r,0)x (r,ry0)8VE (ry0)drdr,
(4)

(for more details, see Appendix A).

By means of (3), the external field 6%, can be elimi-
nated from the expression (4). For simplicity, we restrict
ourselves for the time being to the homogeneous case. Af-
ter transition to the Fourier components, the connection
between 8p and §¥, becomes algebraic:

6p (ko) =y (kw)éVy(k,w).
Then it follows from (3) and (4) that
8Ey= — (1/2)6p(ko)y ~ '(k,0)8p( — k, — ©)

or
8’E, B
Sp(lw)dp( —k, —w) X (k,@). (5)
Note that (see Ref. 15)
8r o
—Xo (ko), (6)

5p(k,0)op( — Kk, — @)

where y,(k,w) is the response function of a system of non-
interacting particles moving in the external self-consistent
field U=56W/8p. This function can be readily calculated:'*

Xo(k,w)=Sp f Go(p + k/2,e + w/2)

d'p
XGO(p—k/Z,E—w/Z)W, (7

where Gy(p,e) = (¢ — U — p?/2M)is the Green’s func-
tion of a free particle, and M is its mass. If we introduce
the notation w=iw, z = wM/kpg, y = k/2py, then the
integral (7) can be rewritten in the form
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(zp) = My 1 142 1(1+y)2+z2
Xolzy)=—5= +4(——J’) nmz

—zarctan(2z/(Z +y* —1))].  (8)

Note that if in (1) we replace y by the free function y,,
then we obtain the Hartree-Fock energy of the system.
The difference between y and y, determines in (1) the
correlation corrections to Ey. The difference between y and
Xo can be characterized by a function R, which we shall
call the effective particle interaction potential, introducing
it by the formula

x " Hkw) =y (ko) — R(kw) (9)

or, in more customary form,

x (ko) =xo(k,0)x(k,0), (10)
where
x(kw)=(1— R(k)yo(kw)) ~ L. (10

In the random-phase approximation, R is replaced by the
ordinary potential 7". To derive the basic equation of the
entire method, the functional equation for the effective po-
tential R, it remains to take one simple step—to substitute
on the left-hand side of Eq. (1) the formula (1), and on
the right-hand side the ansatz (9). Then after simple ma-
nipulations we arrive at a closed functional equation for
the effective potential R:'%!>!3

1 &
R{0)=7"(K) = S kw)op( — K, — )

» d*qdg
xf fc (Q)X(q,%)m-

Note that the ansatz (9), in which all the influence of the
interaction on the response function y is attributed to the
effective interaction potential R, is natural for the philoso-
phy of the Hohenburg-Kohn-Sham approach™® adopted
in solid-state theory. However, other ansatzes are also pos-
sible, for example, the Fermi-liquid ansatz,!® when y, is
taken to be the response function of a system of noninter-
acting quasiparticles with effective mass M*=£M, and then
the interaction of the particles plays a dual role. On the one
hand, it leads to a renormalization of the effective mass of
the quasiparticles, while on the other it leads to the appear-
ance of an effective but somewhat different interaction po-
tential between the quasiparticles. This ansatz is more
complicated than the ansatz (9), but it does have its ad-
vantages, which we shall not discuss here.

If we could solve the functional equation (11), then
we would be able to calculate directly the compressibility
of the system, K=dP/dp (the pressure is P =
— OEy/dV), since, as is well known,* it is related to the
static limit:

(11)

x~'(0,0)= — K/p. (12)
Substituting (9) here, we readily find
K=2%£%+4 pR(0,0). (13)
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Calculating R(0, 0), we must take the functional deriva-
tive 6/8p(0), and it is identical to d/dp, and therefore we
obtain from (11) an integro-differential relation for the
compressibility of the system [¢g = (q,90)]:

ldsz”) X9 dg d'g
Y . V' ATZR@x0@) g Cm*

(13%)

The functional equation (11) is a compact form of expres-
sion of a system of coupled equations for the effective po-
tential R and its functional derivatives. This system, which
is considered in more detail in Appendix B, is equivalent to
the exact system of coupled equations for the many-parti-
cle Green’s functions or the system of equations of cou-
pled-cluster theory.>* But it is precisely the closed form of
Eq. (11) that permits formulation of a new scheme of
approximate solution of the fundamental system of equa-
tions of many-body theory. The scheme is valid not only
for normal Fermi systems but also for superfluid Fermi
systems and for Bose liquids.

2. APPROXIMATE SOLUTION OF THE FUNCTIONAL
EQUATION FOR THE EFFECTIVE PARTICLE
INTERACTION POTENTIAL

In the previous section, we obtained a closed func-
tional equation for the effective particle interaction poten-
tial R(k, ). This equation can be expanded into a hierar-
chy of equations that relate it to the functional derivatives
8R/8p, 8*R/5p8p, etc.

We begin with the first equation of this hierarchy (the
details of the derivation are deferred to Appendix B):"

1
R()=7" (k) — f f 7 (@) [%(@) 2(g.k) %(q)
C

+ 2%(g) 1 (g,k) T(g + k)I' (k,q)%(q)
+ 2%(q) 1 (g:,k) % (g + k) O' (k@) x (q)
+2x(9)0'(g.k)x(q + k)T (k,q)x(q)
+2x(9)0'(¢.k)x (g + k) O' (k,q)x(q)

d'q dg

+x(9)0*(g.k)x(9)] PR (14)
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Here, we have introduced the notation T7'(q)
= R(q)x(q) = R(¢)/(1 — R(9)xo(q1));
8x0(q)
I'(gk)=
(g.,k)= 8p(k) ;
8xo0(q) ()
2 XO q .
Ilgk)= sp(K)op( — k) °
8R(q)
0'gh) =5, (:)
5°R(q)
O(g.k) = ?

Sp(k)op(— k)

We see that the potential R can be expressed in terms of
the blocks O' = 8R/8p and 0* = 8°R/8p8p. For them we
can also obtain equations if we again vary both sides of
(14), but we then encounter new blocks 0°, 0%, etc. The
upshot is an infinite hierarchy of equations relating dif-
ferent functional derivatives of the potential R. The most
frequent device used to solve such systems consists of ne-
glecting the contribution of all the many-particle blocks
beginning with a certain order. As a result, the system is
closed and can then be solved by numerical methods. We
shall proceed differently.

We have already seen that the functional derivative
with respect to p reduces to a partial derivative in the
long-wavelength limit k—0. In the coordinate representa-
tion, this means that

8F(z) ~_dF(z)
&) dp

For arbitrary k, there is no exact relationship between the
variational derivative and the partial derivative. But one
can find an approximate connection between them by not-
ing that the basic properties of a system with strong inter-
action are local, i.e., an arbitrary functional F(z) depends
on the density p in the neighborhood of the same point z,
and therefore in a homogeneous system we can write down
the approximate relation

8F(z) dF(z)
Bpx) O~

(16)

(17)

The relation (17), which is approximate, holds integrally,
as can be seen from (16). We shall call (17) the local
approximation, following the terminology of Ref. 17,
where it was used for the first time. In general form, the
procedure for solving the functional equation (11) is now
as follows. The first k£ equations of the hierarchy are writ-
ten down. The functional derivatives occurring in the last
of them are calculated in accordance with the prescription
of the local approximation (17), as a result of which these
equations obviously close. The higher the number of the
equation in which the approximation (17) is used, the
more accurately the amplitude of R is determined, since
the error is introduced by a correlation function of higher
order. (We shall return to discussion of this question
later.)
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The calculations of Refs. 12 and 13 show that the use
of the local approximation makes it possible to obtain very
accurate results already in the first stage, when there re-
mains only one equation. This is achieved as follows.

In accordance with (17), we write down an approxi-
mate equation for the second functional derivative of y
(x=r,1):

2y (x,x") 1
W 7 [6(x = x)8(x" — x,)

dzx(x,x )
+8(x —x)6(x" — x3) ] T4

(18)

Going over to the momentum representation, we find
from this the approximate relation

&xle)  dx(g+k)
Sp(k)op(—k)~  dp?

(19)

which becomes exact in the limit £—0.

Substituting this relation (11), we arrive at a closed
integro-differential equation for the effective particle inter-
action potential R. We denote this zeroth approximation to
the exact effective potential R by R°. Then

2

0 —_ _
RY(k)=7"(k) 22’—)5
v Xo(@) d'q dg
X f f Cy DT R@x@) Gn' 2
(20)

As is seen from this, the effective potential R does not
depend on the frequency kg, since the original interaction
7" is unretarded. To improve the convergence of the inte-
gral in (20), it is helpful to separate from it the Fock
contribution, which is proportional to y,. Then after sim-
ple manipulations, (20) is transformed to

RO(k) =g (k 1/2‘1—2
(k)=¢(k) —( )dpz

2
Yo(@)R(q)  d'qdg
Xf 7@ T R@re@) Zn%e’
1)
where
&g
o(k) =7 (k) — f 7 (q— k)Xo(Q)W (22)

The integration over gy can be performed without dif-
ficulty, and we obtain the result!*

1d (w1
p0=r W +3730 [ [ 71

(23)

( 3¢ ¢ 1) q°dqdx

E o 16pf: o (27)
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As a rule, the remaining integrations can also be per-
formed analytically. Thus, for a &-function potential
7 o(k)=7", we obtain the standard Hartree-Fock result
p(k) = 7y/2.

The formula of the local approximation for the com-
pressibility differs from the general formula (13) only in
having R, the effective potential of the local approxima-
tion, in the integrand instead of the exact effective potential
R:

1 &
— ——_ /4
K=K° 2 457 7 (q)

X9 (R(9) —R°(q)) ' dg
1-R%9)xo(g) (@mi*g-

(24)

Here, K° is the compressibility calculated in the local ap-
proximation:

2 1 &
KO:EE%_Ed_pz f %(q)
C
Xo(q) dg d'q

1—R(Qxo(@) g @ (25)

The integrand here usually decreases quite rapidly
with increasing g and ¢, and at small ¢ and g, the differ-
ence R — R%is small. It is this circumstance that is one of
the main reasons for the success of the local approximation
in describing the state of physical systems (see below). The
problem of calculating the compressibility can be looked at
from a very slightly different point of view. It is easy to
show that R°(0) = d?(E} — 7)/dp? where EJ is the
ground-state energy, also calculated in the framework of
the local approximation. On the other hand, the general
analytic properties of the response function y are in no way
violated by the local approximation; in particular, the dis-
persion relation between the real and imaginary parts of ,
given in Appendix A, still holds. Therefore, the compress-
ibility sum rule (A5) also holds. Concluding this discus-
sion, we can say that in place of the exact functional equa-
tion for y we have obtained a relatively simple integro-
differential equation without violating any of the basic
consistency conditions of the microscopic theory. We note
that in several approaches, for example, in the cluster ap-
proach, there is no automatic fulfillment of the compress-
ibility sum rule.

Since the local approximation (17) becomes exact in
the limit k-0, the accuracy of calculations in its frame-
work will be higher, the more rapidly the potential 7" (k)
decreases. On the basis of this fact, we must expect that a
Coulomb plasma, for which 7" (k) = 1/k? will be de-
scribed by this approximation better than a gas of hard
balls, for which 77 (k) = const. As we shall see later, this
conclusion is confirmed by numerical calculations.

The local approximation also has its shortcomings, but
before we discuss them, let us see how the approximation
works for definite examples of systems for which Monte
Carlo calculations of the equation of state are available.
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3. COMPARISON OF RESULTS OF NUMERICAL
CALCULATIONS OF THE EQUATION OF STATE OF A
SYSTEM IN THE LOCAL APPROXIMATION WITH
MONTE CARLO CALCULATIONS

a) Neutron system with repulsive Bethe interaction

In this section, we shall demonstrate in some examples
the effectiveness of the local approximation and compare
the equations of state Eo(p) calculated with the effective
potential R® with the eémc(p) found by the Monte Carlo
methods. Well-known Monte Carlo calculations of the
equation of state have been made for the electron gas'®
(“jelly” model) and for a system of neutrons'’ with the
Bethe model interaction, which is one of the components
(the repulsive core) of the Reid NN potential. For nuclear
applications, it is these calculations that have the greatest
interest. Therefore, we shall begin with them. The Bethe
potential has the form 7"(r) = Ve #/r (V, = 9263.1
MeV'F,u=4F~1).

Calculations in the framework of this approach were
made in Ref. 13. The function ¢(k) can be calculated
analytically:

k ‘)TVO 2
4’( )= — 6 _E;;
p—k)Y+p? 2 (K-3u?
><1n(pp )2 M2+_2+( 4u)
(2pr+ k)" +1°  pg 4py.
(205 — k) 4+ p?) ((2p + k)2 + u?)
XIn >
kK" +p
+u(u2—3p§~) t 2kp
——,t—arcan .
2kpg (K + u®)/4py + u* — K2

(26)

To solve Eq. (21), it is necessary to rewrite it as a
finite-difference equation:

Ro(ksgn + 1) =R0(k’gn) + (gn+ 1— gn)¢(k)
1 8n+1

-3,
Y3(@R%(q.g)  d dg

0= Ra2)x@) @) g

Equation (27) for R%(g,, ), for already calculated
R°(g,), can be solved iteratively, R°(g,) being determined
right up to the actual value of g. As a result, we obtain the
effective interaction R as a function of the variables k, p,
and g, and, using the expression (1), we find the energy
E, per unit volume. On the other hand, E; can be calcu-
lated in terms of the compressibility X on the basis of Eq.
(13). Comparison of these two results makes it possible to
estimate the accuracy of the numerical solution of Eq.
(27). The error in the numerical calculations, determined
in this way, is about 3%.

The main results of the calculations are given in Table
I. All energies relate to one neutron, and the density of the
neutron matter is p = pi/37°. The following notation is

f 7 (a—k)

(27)
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TABLE I. Energy of neutron matter calculated in the framework of the local approximation.

pmF~! | pF~ 31 7, MeV | wyp, MeV €, MeV €%, MeV f
1,1 0,17 36,5 231 —181 86,5 4
2,07 0,3 53 424 —305 173 6,3
3,1 1 119 1569 —915 773 18
3,9 2 189 3361 —1632 1919 28
5,1 4 300 7205 —2603 4902 45

also used in the table: 7 is the kinetic energy of the nonin-
teracting particles, wyy is the Hartree-Fock potential en-
ergy, and eﬁo) is the correlation energy. The total energy is
=1+ wyr + eﬁo). It can be seen from the table that at
normal densities (p~0.17 F ~ 3) the correlation part of the
energy compensates the Hartree-Fock energy to a consid-
erable degree, so that the kinetic energy is 7 ~ £2. At high
densities, €2 > . Thus, correlations play an important part
at all the considered densities, and the gas approximation is
invalid. This conclusion is also confirmed by consideration
of the compressibility of the system. The contribution of
interaction to the compressibility is usually characterized
by means of the dimensionless parameter f
= pp(M/7*)R(0). For a gas of hard balls, the constant f
must be small: f ~ pga, where a is the scattering length
(f—0 as pp — 0). But for the considered system, as can be
seen from the final column of Table I, which gives the
values of f, the relation f>1 holds everywhere. This
means that the system cannot be described by the gas ap-
proximation. The reason for this behavior of f is simple—
the ratio of the Fermi momentum pg to the parameter u,
which characterizes the range of the forces for the tabu-
lated densities, is not small enough: pgp/u varies from 1/3
to 1. Table II gives the results of comparison of various
approaches to calculation of the energy of the neutron sys-
tem with the Bethe potential. The first column gives the
densities, the second gives the results of the Monte Carlo
calculations made in Ref. 19, and the third gives the results
of the local approximation'? and then the results of the
cluster approach®® in the two most successful
Pandharipande-Bethe and Jackson-Feenberg versions.
The comparison shows that at low densities the cluster

results agree with “experiment”—the Monte Carlo
results—somewhat better than the results of the local ap-
proximation; at high densities, the results of the local ap-
proximation reproduce the experiments better than the
Pandharipande-Bethe version but somewhat worse than
the Jackson—Feenberg version. It should be borne in mind
that the number of cluster calculations is much greater
than what is needed in the numerical solution of Eq. (27).

Nuclear liquid consists of protons and neutrons, and
therefore it is necessary to consider, in addition to the local
interaction, the long-range, Coulomb interaction. A Cou-
lomb system—unpolarized and polarized electron gas—
has also been considered by Monte Carlo methods. We
now compare the results of the local approximation for it
with Monte Carlo calculations.

b) Electron gas ("’jelly” model)

We begin with a homogeneous unpolarized system in a
homogeneous positively charged medium, so that the total
charge of the complete system is zero. To describe such a
system, one usually replaces the density p by the parameter
ry = ro/ap, where ag = #2/Mé? is the Bohr radius. (For real
metals, 7, varies from 2 to 6.) The parameter r, determines
the ratio of the electron potential energy, ~ €/r,, and ki-
netic energy, ~ #2/2Mr 2, and in the limit 7, - O the prop-
erties of the system can be calculated in the framework of
perturbation theory. For large r; > 1, standard perturba-
tion theory is no longer valid, the random-phase approxi-
mation also begins to falsify quite rapidly, but the local
approximation still works quite well, and, as calculations
show, Eq. (21) can be solved by the iterative procedure of

TABLE II. Mean energies of neutron matter calculated by different methods.

pF3 emo MeV €0, MeV NG MeV efHNe MeV -
0,17 89 85,9 89 90
0,3 175 173 176 177
1 782 773 787 790
2 1976 1919 1847 1994
4 4916 4902 - -
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TABLE III. Correlation energy € per particle of an unpolarized electron gas.

Ts ERPA> eV EO’ eV EMo eV Ecos eV epHNC’ eV
1 —2,14 --1,62 —1,62 —1,65 —1,86
2 —1,€8 —1,23 —1,23 —1,23 —1,34
3 —1,44 —1,01 —1,01 —1,01 —1,07
4 -—1,27 —0,87 —0,87 —0,87 —0,91
5 —1,16 -0,77 —0,77 —0,77 —0,80
6 -1,08 —0,69 —0,69 —_ -
10 —0,84 —0,51 —0,51 --0,51 —0,51
20 —0,58 —0,31 -0,31 -0,31 -
50 —0.35 —0.17 0,16 hid -

Ref. 12. In the first iteration, the exact response function
on the right-hand side of (21) is replaced by the function
Xo given by the relation (8). The result can be calculated
analytically:

47e? 1re2 k2 4p%-
pk)= =~ —2-1n 1-—r
2PF 2pr+ k
+=In 2pF—k’+1]’ (28)
and Eq. (21) now has the form (g = &%)
2
0 — __
R°(k)=¢(k) 230
f J‘ 4 X5(@R(q)  d'qdg
% [a— K (1= R()xo(@)) 2m)*
(29)

The first iteration ¢, for the effective potential R® can
be calculated by substituting the function @(k) in the
right-hand integral part of this equation, the next by sub-
stituting ¢,, etc.; the energy of the system is found by
substituting the calculated effective potential R in the ba-
sic relation (1). The most interesting quantity is the cor-
relation energy of the system—the difference between the
exact energy and the Hartree-Fock energy. In tables, the
correlation energy is usually given for one electron. In Ta-
ble III, we give the results of calculations of this energy
made in various studies. By egp, We denote the correlation
energy calculated in the random-phase approximation, and
by £° the solution of Eq. (29). Also given here is the Monte
Carlo correlation energy £yc,'® which can be regarded as
the experimental value. In the final columns we give the
correlation energies ecc and egpgnes calculated in the
framework of the coupled-cluster (exp S) theory and
FHNC theory in Refs. 21 and 22. It can be seen from the
table that the local approximation gives a good description
of the experiments in a wide range of densities, whereas in
FHNC theory the region of high densities, where pertur-
bation theory works, is reproduced less well. As regards
the comparison with the coupled-cluster (exp S) theory,
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the results of the two approaches are about the same, but
the amount of mathematical labor in the exp S theory is
much greater. Note that, as the calculation of Ref. 12
shows, in the region of actual electron densities—up to r,
~ 10, the first iteration of ¢(k) already works well.

All the above formulas can be readily generalized to
the case when the electron gas is completely polarized (the
Monte Carlo results for £,(p) are given in the same Ref.
18). All the changes in the expressions reduce simply to
the fact that the density p, is now related to the momentum
Pr by the Fermi relation p, = p}/677, the response function
is ¥ = (1/2)x0(pr), where y, is given by the relation (8),
and the factor 1/2 arises because there is no summation
over the particle spins. The interaction energy W, per unit
volume of the polarized electron gas is

— WHF _ f f 7 (@) X/ = RyxD)

d*qdg

+ 2mpd(w)] an'e’ (30)

where WHF s the Hartree—Fock part of W, and R,,
=8’W/8p,8p;.

On the basis of (30), it is easy to obtain by the stan-
dard method the equation of the local approximation for
the effective potential:

2
B0 =g, 0 —3 25 [ 7=k
0 0
(PR (@)x:(q) d*qd
[Xr 11 )gr q _X?(q)l Qf; G1)
= Rn(‘l)XT(q) (2m)°g
4re? 2w [ KB |4pE— K
ou00=T - (| TR ’
2p 2r+ k
+7F1n| d — + (32)

The results of solution of Egs. (30) and (31) are given
together with the Monte Carlo results of Ref. 18 in Table
IV. The notation here is practically the same as in Table
III.
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TABLE 1V. Correlation energy ¢ per particle of a polarized electron gas.

o emcr eV O ev re emo eV e, ev
0,1 —1,70 —1,72 4 —0,41 —0,47
0,5 —1,10 —1,10 5 —0,35 —0,42
1 —0,83 —0,86 6 —0,32 —0,38
2 —0,60 —0,66 10 —0,21 —0,29
3 --0,48 —0,55 20 —0,10 —0,19

In all the above, the Monte Carlo equation of state was
used as the experimental equation of state. A natural ques-
tion arises: Why do we need new methods of calculation if
there already exist fairly reliable ones, even if cumbersome?
Of course, the Monte Carlo method is very powerful and
very necessary, but it is not all-powerful. We know that its
shortcomings appear when one must deal with
complicated—realistic—interaction potentials of nucleons
or atoms. But even in a Coulomb plasma it is not always at
its best; for example, Monte Carlo calculations indicate
that the first phase transition—a ferromagnetic transition
in the electron gas—occurs at 7, = 70 (Ref. 18), but even
earlier, at 7, ~ 10, there arises in this gas a spin density
wave with wave vector k.~pg, i.e., an antiferromagnetic
phase transition occurs (see below). In the Monte Carlo
phase diagram it is absent.

We give a brief summary. For all its simplicity, the
local approximation is, as we have seen, quite capable of
competing with the remaining microscopic approaches,
and this makes it possible to use the method to calculate
other properties of Fermi systems—their single-particle
spectra and the effective interaction of the particles.

4. CALCULATION OF GROUND-STATE PROPERTIES

We begin with the last. In a nonrelativistic system with
spin S = 0 the effective interaction is characterized by two
scalars: 1;-1, and o,-0,. For S540, there is one more:
(01S) (0,S). Their coefficients, scalar functions of the mo-
mentum transfer k, determine the various properties of the
Fermi systems, in particular the magnetic and quadrupole
moments of odd nuclei.

To calculate the components of the effective particle
interaction, it is convenient to introduce the vectors P
= (po,p3) and 6Vy = ¥+ o W8V, where oy = (§ _9) and
o3 = (§ _9). Generalizing the expressions of Sec. 1, we
can write (i =0, 3)

8pi= (XadVD); (33)
8’Ep= — (1/2) (8VX38V%). (34)

For a spinless system, the matrix y; is diagonal. Its com-
ponent Yq is just the ordinary linear response function y
considered in the previous section; y1; is the spin compo-
nent of the matrix f It is obvious that in this system the
interaction matrix R is also diagonal, and
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Xo'=xs '=R xa'=xq'-Rs (35)
The equation for R was already solved in the previous
sections. But there we discussed mainly only the equation
of state itself; here we shall first speak about the behavior
of the actual function R, since the behaviors of the different
components of the effective potential have much in com-
mon. ‘
Figure 1 shows two graphs of the function

f(k) = pe(M/7*)R(k) for model neutron systems
with different NN-interaction potentials. One is
with the Bethe potential (1), 7 (r) = Ve */

r (Vo = 9263 MeV'F, u=4.2 F~!, density p=0.17
F~?%), and the other with the Reid soft-core poten-
tial, 7(r) =[— 14.95 exp( — 0.7r) — 2358 exp( — 2.87)
+ 9263 Xexp( — 4.97))/r (density p = 0.02 F~3). It can
be seen that in the region of small k the curves behave
differently. Whereas in the system with the Bethe potential
the effective interaction is repulsive, in the system with the
Reid potential it is attractive, and, as the calculations
show, with increasing density this attraction increases and
f(0) reaches the value — 1, at which the compressibility
vanishes, and then exceeds it. At one of the points within
the region of integration with respect to g and g the inte-
grand in the equation for R now becomes infinite, and the
result of the numerical integration becomes sensitive to the
choice of the integration procedure, since one of the refer-
ence points may be directly near the pole and introduce too
large a contribution, distorting the entire result. We shall

=k/2p;

FIG. 1. Dimensionless interaction amplitude in neutron systems.

V. A. Khodel' and V. R. Shaginyan 217



return to a more detailed discussion of this problem later,
and here consider the calculation of the spin-spin compo-
nent R; of the effective interaction potential. To find it, we
rewrite (34) in the form

8%Eo= — (1/2) (Bpixic '8p%)
and we vary (1) twice with respect to p;. Then we obtain
62
172) — 5~
172 &0 — B

(36)

Rs(k) = -

d*qdg
xf f C?V(q)m(q)m. (37)

The variational derivatives can be calculated by using
the matrix formulas &% = —¥o% " '%; &%
= 2¥8% W6y ~'x — ¥8*X ~'¥. For a spinless system of
particles, this gives

52 —1
XOOap 8p Xoo-

‘SXos
200 503 X33

52)( 00 8x30 30

5P35P3 bp3
We have here used the fact that the function y; is diagonal
for S = 0 (this does not apply to the functional derivatives
of Q!). We now also use the fact that, in accordance with
(36), xix ! = — 8*Ey/8pdp;. Varying this equation once
more, and then changing the order of variation, we readily
obtain

(38)

&' < 8B Sxnl
8ps  Opsdpsdpo  Bpo
xw' OB &y (39)
8psdps 8padpsdpodpo Bpodpo
and
8%x33 &' Sxi! 833!

2 oo = X33 e Yoo — :
Bpodpo X° Bpy X Bpy X T X% Bpdpg X

The last formula can be transformed as

8x33 Xoo 8% 33 (1 — Ron)2 833

8PP0 X33 0podpo \ 1 —Rxo) Bpodpo’
Thus, the calculation of R, can also be reduced to finding
the functional derivatives of y from the ordinary density p.
We now apply the local approximation to the calculation

of the functional derivative 6%y33/8poSpo. Substituting
(40) in (37), we find

Roo=—5 [ [ 7@-w

(1 — Ry(q—Kk)xo(g— k))2
1—R(q—Kk)yolg—k)

d*x3:(q) d'qdg
dp*  (2mig’

(40)

(41)

This equation can be solved with relative ease, by iteration,
in an electron gas at real metal densities, i.e., for 7; S 6. The
result of an iterative solution is shown in Fig. 2, which
gives the r, dependence of the dimensionless amplitude

218 Sov. J. Part. Nucl. 22 (2), March-April 1991

&, MeV
1,5

0,5 L L
93 0% G5 PeyF~!

FIG. 2. Binding energy per neutron calculated for the soft-core Reid
potential.

g(0) = (pFM/ﬂ'Z)Rs(O) for k = 0. Here too, variation of
one of the parameters—in the given case, increase of
r—makes the minimum of g(k) sink and at a certain point
intersect the abscissa — 1. At this point, the spin “rigidity”
of the system vanishes. With it, the spin-wave frequency
o (k) also vanishes and then, in a certain section of wave
vectors, w(k) is imaginary, as a result of which the system
is forced to change its ground state. We defer more detailed
discussion of this problem to the section devoted to phase
transitions, and here turn to calculation of the effective
mass M*, which characterizes the difference between the
spectra of the single-particle excitations of the real Fermi
system and of the Fermi gas.

The single-particle state can be regarded as the ground
state for nonvanishing momentum p. If all quantities that
occur in the theory are now treated as functionals of the
population 7, our theory can be readily generalized and
the derivative £(p) = 6Ey/6n, can be calculated.

When p = pg, €(p) is equal to the chemical potential
p. For p5£pg, £, — p differs from eg — p by afactor M/M*.

To calculate the effective mass, we must take the func-
tional derivative of (1), not with respect to the density p,
but with respect to the distribution n,. At the same time,
o1/6n, = sp, and then

8x(q) d'q g
| 42
ew=i—; [ Y@ R G @
Using the fact that 6y = %8y« + xS6Ry, we obtain
(9)
e(p)=s2——f [ 7@« XD g

d*qdg
+X(¢I)M(q,P)X(q)] % (43)
An equation for the function M(q,p) = 6R(q)/n, is ob-
tained by differentiating with respect to n, the functional
equation (11) for R. In the local approximation, the func-
tional derivatives with respect to p are replaced by partial
derivatives, but, unfortunately, any replacement of the
functional derivatives by partial derivatives (with a corre-
sponding shift of the momenta) leads to the appearance in
the equation for Z(k) = [8R(k)/6ny],- =py, Of divergences
associated with the divergence of the second derivative of
dxo/6n, with respect to the density p. Let us consider this

V. A. Khodel’ and V. R. Shaginyan 218



problem in ‘more detail, considering first the calculation of
the derivative 8yo/6n,, performed in detail in Ref. 23. The
first term in 8y,/6n, arises from standard variation of the
product GG with respect to n, It takes the form
[6xo(k,w)/bny); = 2(53 — Eg_k)/((Eg —&8_)? — o?).
After integration over the angles of the vector Kk, this gives
(0 =iw)

8xo
(S—)Iql(k,m)

p
Md
=—77(‘1“
(44)

This part of the variational derivative is smooth, and no
problems arise with it when the local approximation is
applied. However, §y,/8n, also contains terms due to the
pole avoidance rules on the transition from the ground-
state response function y, of the system to the response
function y§ of the excited state, with one particle of mo-
mentum p > pg above the Fermi surface or with a hole of
momentum p < pg. Direct calculation of this contribution
gives?

dxo(q)
on,

(P +k/2)* + wM/K
(p—k/2)* + wZMW)

) =(1 - np_q)ts(&'g—&g_q—w)@(w)
I

—0)0( —w).
(45)

After substitution of (44) and (45) in (42), we obtain
the equation

0 0
—ny_PBleg—g_g

1
M/M*=1+y(p)—5f f (@) I (qw)(qw)

d'q dg
+Z(q,w)X2(q,w)}WE, (46)
where
M wr (e i dg
Yo =g |." [ a7 @ (q,w—O)dq;.(m

The equation for Z(k) contains the variational derivative
8%y/8p8p. If we attempt to calculate it by means of the
local approximation (19), then, as is readily verified, the
result of the calculations diverges because of the divergence
of the derivative [dy/dp(g,0 = 0)]'1—-2PF’ which occurs in
the denominator of x (g, ® =0). The procedure of the
calculations can be somewhat modified after the manner in
which exact equations for the functional derivatives are
derived. We then arrive at the equations

Z=2Z,+ 2y

1 &
2= [ [ 7a-0Uaoamn

ag

&
P (000Z1(@)] G q e

(48)
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- 1 d )

d'q dq .
(q,(lo)Zz(Q)W;, (49)
where
Oy _ ”p q
Z (= — deU f WD) @) ST

85x%(q,w) on,_,
op( — k) 8p(k)

8% (q,w)

T S krdp(— k) e
where the derivative with respect to p is taken at the point
P = Df.

Note that for an electron gas at small values of 7, the
interaction R can be assumed to be a Coulomb interaction:
R(q) = 4wl/q*. Then the integral with respect to the
coupling constant can be calculated, and, ignoring the con-
tribution of Z, we arrive at the usual expression for the
effective mass obtained in the random-phase approxima-
tion:23:2

d*q dg

e’ (49)

T =14a/2(In1l/a—2); a=é/mf.
Calculations of M* in accordance with Egs. (45)—(49) are
currently being made.

5. NUCLEAR MATTER WITH REALISTIC
INTERACTIONS

Real nuclear matter differs in the first place from the
model systems considered in Sec. 3 by the complicated
form of the nucleon—nucleon potential. This very concept
can be applied to nuclear matter only at densities at which
the nucleon structure is not yet manifested. The character-
istic energy for its appearance is, essentially, the distance to
the first excited level of the nucleon, i.e., the mass differ-
ence between the particle and the nucleon: A = M,
— My ~ 300 MeV. As long as the Fermi energy is low
compared with A, the NN interaction can be described by
means of the one-boson exchange Hamiltonian. The gen-
eral form of this Hamiltonian is

Hoy=2 & f T(r) 0¥ (1) () dr, (50)
where W and W are the nucleon annihilation and creation
operators, @ is the boson operator, O = 1 for a scalar me-
son, y; for a pseudoscalar meson, etc.

In order to construct the equation of state of the sys-
tem, i.e., the dependence of the energy € on the density p,
it is necessary to calculate the expectation value of the
Hamiltonian (50) in the ground state. The calculation of
this is simplified by the absence of mesons in the ground
state. One can rigorously eliminate a contribution of the
mesonic degrees of freedom> by going over from the mi-
croscopic Hamiltonian (50) to an effective nucleon—
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nucleon Hamiltonian that does not contain bosonic oper-
ators, using a procedure like the Hori transformation in
QED.26 Hori showed that for calculation of the elements of
the S matrix in a system of fermions between states with-
out photons the Hamiltonian H,, = j,4, can be replaced by
the four-fermion Heg = %j,j,D,» Where D, (k) = 8,,/K
(K=K} — k).

To calculate the energy of the system, Hori’s method
can be significantly simplified by using the equation of mo-
tion for the bosonic operators. We use the well-known
Feynman-Hellmann formula

%0_ 51
g ag _( int)’ ( )
where H,,, is given by the expression (50).
By means of the equations of motion
D' (K)p(x)= — g% (x)OWN(x) (52)

we eliminate the boson operator ¢ in the required expec-
tation value:

p(x)=—g; f D(x —p)¥y NOXN(»dYy,  (53)

where D(k) = (K — p?)~! (D(k0) = —1/(k?
+ yz)). After substitution of this expression in (50), we
obtain

Hiy= — &V (x)0¥y(x)¥ 3 () O¥y(»)D(x — ).
(54)

Introducing now the effective coupling constant A
= g%, we can rewrite (50) in accordance with (51):

JE,
i'ﬁ= (Heg), (55)
where the effective interaction Hamiltonian H.g is deter-
mined by

Heg= — AW ()OO y(X)¥5 ()ONN(»)D(x —p).
(56)

The resulting expectation value differs from the one in
the expression (1) in two respects: 1) the unretarded po-
tential is replaced by the D function, which in principle
depends on the frequency w; 2) besides the scalar response
function A (in the nonrelativistic limit exchange of o and »
mesons contributes here), the result also contains a spin
response function (due to pion exchange).

It should be said that the existence of contributions to
the energy W that depend on spin variables creates great
difficulties in any microscopic theory—Monte Carlo results
with exchange potentials do not exist, and the cluster ex-
pansion has only recently been generalized to the case
when the potential 7~ depends on the total spin of the
particles. Let us consider for the example of pion exchange
leading to tensor forces how the local approximation
comes to terms with this problem. Thus, suppose that o, o,
and 7 exchanges are taken into account in the one-boson
exchange potential. Then the expression for the total en-
ergy of nuclear matter can be written in the form
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Ey=Eu—5(7Y) =35 (X x; (57)

Eg=7+3 (p?p) + 1 (p7 1), (58)

where y is the ordinary linear response function, 7" is the
scalar nonrelativistic potential of o—w exchange, 7”,(k)
= fK*/u*(k* + p?)]is the one-meson exchange potential
(=11),x,=8p/8V°, p,= {oVv),8V,= ¢ ovibV,,
and v =k/k. Introducing the two-dimensional vector p
= (po,p,), We can write the interaction energy in the form

W= —(172) (px)» (59)
where the matrix response function y; is determined by
Eq. (36):

Xic ' =8W/8pSpi

We shall consider a neutron system with spin S =0.
Then there are no nondiagonal components of the effective
interaction, and, as before, we can write y ~' = y5 !
— R, while ;7 '=y5! — R, and

&n 8w
== ; R t=— .

pbp 8pdp:
Substituting these relations in (57), we find
2

R (60)

1
R=V-EW(VX+ 7" X);

1
R=7",— (7x+ 7 x,).

2 8pbp,
In the first of these equations, the local approximation can
be applied without problems, and we obtain

1 4%
R(k)=V(k)—5Wf f [ (a— K)x (@)

d'q dq
+ 7 (a—K)xAq)] e’ (62)
With regard to the second, two approaches are here possi-
ble. The first, and simpler, is related to the fact that the
m-meson contribution is small compared with the o—w con-
tribution, and therefore the last term in the second equa-
tion of (61) can be taken into account in the framework of
perturbation theory by replacing y, by yo. At the same
time, the first term can be transformed in exactly the same
way as in the derivation of Eq. (41) for the spin—spin part
of the effective particle interaction potential. The upshot is
that we obtain an equation of the following form for R,

1 &
R,(k)=7"/(k) —'2“?

f [(I—R,(q—k)xo(q—k))2d2 ,
X I—R(q—Kxo(g— k) dp*

dxo 1 d'q9dg
X7 (@-K+7 e -0 Z2 @ | Gt

(63)

which can be solved numerically by the same methods as
the equation for R.
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A more laborious but simultaneously more accurate
way to solve the equations for R, is to regard p, as a new
variable like p. Then Eq. (61) for R, will take the following

form in the local approximation:

o 1 8
R:=7/z—55;2 f f [70(d—Kk)xoo(q)
t

d*qdg
+ 7 (qa—Kk)x(q)] %’

We obtain as a result two coupled integro-differential
equations with partial derivatives. The corresponding nu-
merical calculations are currently being made.

(64)

6. STABILITY CONDITIONS AND PHASE
TRANSITIONS

The phase diagram of any real system is
complicated—it contains a variety of phase transitions:
liquid—gas, superconductor-normal metal, etc. Therefore,
knowledge of the conditions for stability of a considered
state of a system plays an important part in many-body
theory. These conditions take the form of the vanishing of
the “rigidity” C,, of the system with respect to any type of
excitation of it. In the theory of Fermi liquids, there are the
well-known stability conditions of Pomeranchuk, which re-
late vanishing of the rigidity C, to the corresponding value
of the dimensionless local interaction amplitude of quasi-
particles at the Fermi surface. Unfortunately, the Landau
Fermi-liquid theory, being phenomenological, does not en-
able one to establish the densities of the system at which
particular rigidities C, vanish.

The situation is different in the present approach. One
of its advantages compared with most microscopic theories
is that these conditions arise in it naturally, since vanishing
of a rigidity means the vanishing of the denominator of the
corresponding linear response function. For example, if in
a gas the compressibility becomes equal to zero when the
density is increased to a certain value p;., then in accor-
dance with (13) this means that at p = p,, the equation

M

7R(k=w=0’plc)= —1 (65)
is satisfied for the first time. Equation (65) determines a
point of inflection in the curve of £(p). At large p, the
energy ¢ increases quite rapidly, and therefore in the curve
of e(p) there is a further point of inflection p,., at which
the compressibility again vanishes. In the range of densities
P1c < P < Py the system is absolutely unstable. As was
shown in Ref. 27, neutron matter exhibits such behavior at
a low density p ~ 1072 F~3 At such low densities, the
contribution of the tensor forces to the binding energy is
small because the tensor forces contain an additional
square of the momentum transfer, and this is an additional
square of the Fermi momentum pg. Therefore, at low den-
sities it is natural to use the scalar Reid soft-core potential,

7 rsc(r)=[ — 14.95 exp( — 0.7r) — 2358 exp( — 2.8r)
+ 9263 exp( — 4.97)1/r, (66)

221 Sov. J. Part. Nucl. 22 (2), March-April 1991

which ensures good reproduction of the data on low-en-
ergy nucleon scattering. (For this potential, the nn scatter-
ing lengthisa,, = 23 F.)

In calculations made with the potential 7 ggc it was
found that the curve of the equation of state of rarefied
neutron matter contains a point of inflection. It corre-
sponds to a density p, ~ 0.8 X 10~ F~3. At higher den-
sities, direct calculations encounter, as we have already
said, serious difficulties—on the imaginary axis, on the
contour of integration, the response function y has a pole,
in connection with which the result of the calculations of,
say, the energy in accordance with Eq. (1) begins to de-
pend on the manner in which the interval of integration is
divided up. Nevertheless, textbooks show the curves of the
equation of state—for example, van der Waals—as
smooth. Therefore, in the microscopic theory it is also de-
sirable to rearrange the calculations in such a way that
they give a unique result in the region of absolute instabil-
ity of the system. Let us consider how this is done in the
framework of the given approach. To make the analysis
more transparent, we replace the function y,(z,¢), which is
a combination of logarithms and arctangents, by a simpler
asymptotic expression valid when z, > 1:

PEM /T

W)= T 5@+ A 7
Then for y we obtain
M/
o (68)

x(z,t)= 2120

where »%(t) = £ + [1 + pp(M/7*)R(t)]/3. As long as
% > 0, the integral over z in (1) gives an arctangent, but if
x becomes negative, this integral, which is always in the
principal-value sense, must vanish. On this basis, we can
formulate a prescription for taking the integral of y with
respect to z in the expression (1) and others like it, namely,
the region of integration in which the denominator of y is
negative makes zero contribution to the result and, there-
fore, is simply excluded from consideration. In the region
in which the denominator of y is still positive, but small, it
is possible to separate the singular part analytically—its
contribution is proportional to x ~ '/%, and, although % -0
at some value #;, the neighborhood of z, no longer makes a
significant contribution to the interval over ¢. The curve of
the equation of state of neutron matter with the nn inter-
action potential (66) calculated in accordance with this
prescription is shown in Fig. 2.

So far, we have been considering a gas-liquid phase
transition. However, similar methods can also be used to
investigate phase transitions in which the symmetry of the
system is spontaneously broken. The example of spin-wave
condensation in an electron gas shows how this can be
done. The equation for the vanishing of the spin rigidity at

some value has a form similar to (65):
1 — Rk, ©=0, p.)xo(k, ©=0)=0 (69)

with interaction R, calculated on the basis of (41). In a
sufficiently dense gas, it can be solved iteratively. The first
iteration ¢; is readily calculated:
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7T62 k2
¢’s(k)= - ( k2

: 4p — I ’
el e njl———
3pr \ 4Pk

2 2pr + k
PF ’PF ‘ 1). (70)

T k| T

To estimate the parameters of the phase transition, we can
substitute (70) in (69). Then we find for the critical pa-
rameters the values 7 { ~ 10, k, ~ pr. Allowance for the cor-
rection terms shifts these values only slightly.12

The antiferromagnetic phase transition in nuclear mat-
ter, at which the spin—isospin rigidity C,, vanishes at cer-
tain values of p, and k.2 can be treated similarly. The
change in the sign of C,, is caused by tensor forces due to
one-pion exchange, and therefore the corresponding tran-
sition is usually called the 7-condensate transition. In con-
trast to a transition in an electron system, in which the
particles are structureless, in the nuclear antiferromagnetic
transition a process with excitation of the A resonance, the
first nucleon excited state, is predominant. Allowance for
such transitions leads, in particular, to the appearance of
effective many-particle NN forces,?® as a result of which
higher functional derivatives 8§2p/8V 8V, etc., calculated
for the Fermi step ng = 6(p — pg), come into play. The
final section of the review is devoted to the appropriate
generalization of our approach.

In this section we have so far considered phase transi-
tions that are rather similar in kind. They all arise in the
neighborhoods of points at which one of the rigidities van-
ishes, although it must be said that in some cases a more
careful analysis reveals that a second-order phase transi-
tion may be one of the first order.?’

In this series of phase transitions, the transition asso-
ciated with the change of sign of the effective mass M*,
when the integral term in (42) compensates the free
term, is out of the ordinary run.

At it, M/M*-0, i.e., initially the fermion *“gets
heavier,” the spectrum &£(p) gets flatter, and then even
becomes nonmonotonic—a minimum, like the roton in lig-
uid *He, appears in it. If in this case the Fermi momentum
is increased, then there comes a time when a small increase
in the momentum of the quasiparticles at the Fermi surface
results in a decrease of the total energy Ey[ng(p)], and,
therefore, the Fermi step ng(p) = 0(p — pg) ceases to
describe the ground state of the system—a phase transition
occurs. Such a transition may occur in a rarefied electron
gas, where, as is well known from the calculations of Ref.
14, the ratio M/M* decreases with increasing 7;.

Now some words on the microscopic theory of the
states that arise after the phase-transition point. To con-
struct such a theory, it is necessary to compare the energies
of several competing quasiparticle distributions n(p). To
make calculations of the properties of systems after the
transition point—and after it some of them become
inhomogeneous—we require a certain modification of the
approach, which is also needed, in particular, to describe
the properties of real nuclei. The following section of the
review is devoted to this.
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7. REAL NUCLEI

The properties of nuclear systems must be studied in
the coordinate representation. Several new problems then
arise. First, the self-consistent field U(r)=6W/6p(r) oc-
curs explicitly in the response function y, as in the remain-
ing properties of the system. There is a dependence on it,
and hence on the coupling constant g in both the density
and the kinetic energy 7 of the noninteracting particles. To
avoid the complications associated with this fact, it was
proposed in Ref. 31 to apply to the system an additional
external field U, of amplitude such that the density of the
system for the actual value g = g of the coupling constant
should be the same as for g = 0. This can be achieved by’
taking

5p(0) (i)

14

U0 =(60-) (505 -

&

i.e.,, for g=0 it is necessary to apply to the system the

external field that acts (as a self-consistent field) for the

actual value gy, and at g = g, to apply no field at all. This

will mean that both the density p(7) and the kinetic energy

of the noninteracting particles will be the same for g=0

and g = g,. Since the field U, is given, the field 6H will be

proportional to the density of the system, and therefore it

will not occur at all in the second variational derivatives of

W with respect to p, which determine the equation for the
effective interaction potential:

Rirx) 8w
L) =r——v.
p(r)ép(r’)
This assertion requires some clarification. The re-
sponse function y(r, r’, @) in the finite system is deter-
mined by the relation

(72)

Sp(r,w) = f x(r,r',0)8V0(r' w)dr', (73)

and the analog of Eq. (4) is

8Ey= — (1/2) f f SVO(1,0)x (1,5,0) SV (x' 0 ) .
(74)

If we introduce the operator y ~ !(#,7'), then (74) can
be rewritten in a form equivalent to (5), i.e., we find that

8’E,

N

X (l',l' ,CO)— 8p(r',a))8p(l‘, _ C()) . (75)
Determining the effective potential R by the relation

x~ (o) =x; (o) — R(6r',0) (76)

or, equivalently,

X(r’r,’m) =X0(r’r"(0)

+ f Xo(r,r,@)R(r,r,0) x (r,r',0)dr, dr,,
(76")
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by using Eq. (75)we can arrive at the variational formula
R(r,r') = 8*W/8p(r)8p(r’), and from this we obtain for

R the functional equation
Rler' ) 1 8
(rr'0)= “_r)_55R355535

X f f 77 (r,ry) x (ry,rp0')drydr, do’'.

(77)

Now is the time to discuss the problem of calculating the
nuclear density p(r). It is measured in experiments in
which fast electrons are scattered elastically by nuclei. In
self-consistent approaches based on the use of perturbation
theory, for example, the Hartree—Fock approach, the par-
ticle density p(r) is equal to the shell density pgy:

psu(m) = 3 mgh(r), (78)
where @;(r) are the eigenfunctions of the shell Hamil-
tonian Hgy, = p*/2M* + Ugy,(r), where the effective
mass M* and the self-consistent field U(cr) are calculated
by means of the Hartree—-Fock variational procedure.
Analogous expressions for them are also used in the phe-
nomenological Hartree-Fock method with effective
forces.3? On the other hand, in the Fermi-liquid approach,
even a self-consistent one, expressions of the type (78) for
p(r) do not exist—it is necessary to introduce an addi-
tional unknown local charge ¢ (k) of quasiparticles, this
being a function of the momentum transfer k that only at
k =0 is equal to unity.!! Therefore, in applying the theory
of finite Fermi systems to the description of elastic scatter-
ing of electrons, one introduces an additional assumption
by setting e, = 1 for all momentum transfers k. This short-
coming is not present in the Kohn-Sham method,® in
which Eq. (78) is used to determine the particle density,
and it can be shown that (78) minimizes the energy of the
system if the single-particle Hamiltonian HXS is written in
the form

H®S=p*/2Mys + Ugs(r), (79)

where Mys = M, U=56W/8p. The Kohn—Sham single-par-
ticle Hamiltonian differs from the Hartree~Fock Hamil-
tonian in having a kinetic-energy operator of the particles
identical to the free operator, since Mxg = M. Therefore,
the spectrum of single-particle levels €55 has little resem-
blance to the actual spectrum, but a positive feature is that
the Kohn—Sham density p(r) can be used to describe elec-
tron scattering. At the level of its foundations, the present
approach is close to the Kohn—-Sham approach, and it is
therefore no surprise that in the problem of describing the
density p(r) the results obtained from the two methods are
practically identical even though the chain of arguments in
the present approach is not quite the same as in the Kohn—
Sham approach.

Let us consider the y(r;,r,w — «) asymptotic behav-
ior, making the assumption that the limit of R (w— ) is
bounded. Since the function y,(®) decreases as ®— oo in
proportion to » ~2, the integral term of (76) introduces a
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negligibly small contribution, and in the limit ® - oo we
find that y and y, are equal. On the other hand, the as-
ymptotic behavior of y can be calculated directly from the
Lehmann expansion (A3). Ignoring wy in the denomina-
tor of (A3), we can, as is done in a homogeneous system,'*
sum over s by replacing wopg by the divergence of the
current j, obtaining after calculation of the commutator
[p, div floo the result

lim y(r;r,0)= — Ap(r)8(r; —ro) /e (80)

- 0
It is obvious that the limit y; (w— o) is the same. But this
means that the density of the system of interacting particles
is equal to the density of the system of noninteracting par-
ticles, i.e., particles moving in the self-consistent field

U(r)=06W/bp(r),

p(r)= X myi(r), (81)
where
P2
[WJ“ U(r) |, (r) =€ (r). (81")

This is how the problem of calculating the density of nu-
cleons in a nucleus is solved in the present approach. The
actual calculations of the functional derivatives (8p/8y,)
X (8%yo/6pdp) are made in the same way as in a homoge-
neous system (see Appendix C), though not in the mo-
mentum but rather in the coordinate representation.

In actual calculations it is worth beginning, in our
view, with the interaction R calculated for a homoge-
neous medium. The local approximation will then take the
form that the density p substituted in this function [it en-
ters it through the Fermi momentum pg(r)
= (3112p(r)1/ 3)] will be assumed to depend on 7 in accor-
dance with Eq. (81). Of course, in a more consistent anal-
ysis it is necessary to take into account the difference be-
tween R(r, r') and R_(r — r’) which arises if for no
other reason than the fact that the difference between the
free functions y, in finite and infinite systems must be
taken into account in Eq. (14). An example of a calcula-
tion for a finite system in the framework of the zeroth
approximation is given in Ref. 33, in which the Coulomb
energy of nuclei is calculated. The calculation makes it
possible (qualitatively as yet) to explain the origin of the
well-known Nolen-Schiffer anomaly in the Coulomb ener-
gies of mirror nuclei as due to the influence of correlation
effects.

In the framework of our approach, it is also possible to
calculate the changes in the nuclear neutron and proton
densities resulting from the addition of one or several nu-
cleons. The expression obtained from (81) and (81') for
the change in the density 6p = 8gp + x0(8U/8p)dp or

Sp(r)=6¢p(r) + J Xo(r,r)R(rry)8p(ry)drdr,
(82)

is essentially the same as in the theory of finite Fermi sys-
tems!! or in the Hartree-Fock method with effective

V. A. Khodel’ and V. R. Shaginyan 223



forces, except that for the quasiparticles used here the ef-
fective mass is equal to the base mass, and the entire con-
tribution of the residual interaction, as in the Kohn-Sham
theory of the electron gas,® is included in the effective par-
ticle interaction potential. An expression analogous to
(82) can also be written down for the change in the spin
density ps(r) of a nucleus on the addition of an odd nu-
cleon. The only difference is that the equation contains the
spin component of the effective potential in place of the
scalar component. Knowledge of §p; makes it possible to
calculate the magnetic dipole and octupole moments of
nuclei.

8. DISCUSSION OF THE RESULTS. EXTENSION OF
THE STANDARD LOCAL APPROXIMATION

As we have seen, the local approximation works rather
well under surprisingly diverse conditions. Some of the
actual reasons for this were analyzed above, but there are
more general reasons too. If one examines the algebraic
structure of the system found in Appendix B, then it is
readily seen that the algebraically symbolic equations for
the operators O" with n>3 are linear, the equation for P*is
quadratic, and the equation for O' is cubic. Suppose that
we wish to solve the algebraic equations—quadratic for
O? or cubic for O'—by iteration, representing the solutions
in the form of continued fractions. As clarification, let us
consider, for example, the quadratic equation x> — ax
+ b = Owith discriminant D = ¢*> — 4b and write it in the
form

x=b/(a — x).

The iterative sequence of solutions of this equation—
the continued fraction x, = b/a, x; = b/(a — b/a), x,
= b/[la — b/(a — b/a)]—converges very rapidly in a
wide range of variation of the parameters a and b. A solu-
tion of the cubic equation can be constructed similarly. We
now turn to the symbolic equations for O". Solving them,
we can represent each of these operators as a sum of con-
tinued fractions. After substitution of these sums in the
equation for the effective potential R, it also becomes a sum
of certain continued fractions. From this point of view, Eq.
(20) of the local approximation is then obtained when the
operators O" are replaced everywhere in these sums by
their approximate expressions in accordance with the pre-
scription (17): O' - O*(dR/dp) (d*R/dp?) — , etc., and,
in addition, all the arguments of the functions in the con-
tinued fractions are equated to a single value: ¢ + k [which
also makes it possible to obtain the expression
d’y(q + k)/dp?] in Eq. (20). Each of the terms of the
sum of continued fractions that determines the operators
0" converges quite rapidly, like the entire algebraic con-
tinued fraction; moreover, none of the terms is ever dis-
carded, it is merely that the operators 0" with sufficiently
large numbers are replaced in the terms by their approxi-
mate expressions in accordance with (17). However, if one
or several terms of this sum is ignored, the accuracy of the
calculation is significantly reduced. This is why it is bad to
truncate the system of equations for the operators
O"—we lose the contribution of the terms that contain
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0"*! and 0"*2 The local approximation takes into ac-
count this contribution in some form, and this gives it
definite advantages over the standard prescription for solv-
ing an infinite hierarchy of coupled equations by truncating
the hierarchy at a particular step.

As we have already said, any iteration of an algebraic
equation represented by a continued fraction approximates
its true solution with roughly the same degree of accuracy
in a wide range of variation of the parameters of the equa-
tion. Basically, the same remark applies to the system of
equations for the potential R and its functional derivatives.
It is not surprising that its iterative solutions based on the
use of the local approximation reproduce, like continued
fractions, the “true” (Monte Carlo) results to the same
accuracy for a wide range of values of the density p and
coupling constant g despite the fact that the problem does
not contain any perturbation-theory parameter. Of course,
if one “looks closer,” one can see that the accuracy of the
local approximation is higher, the greater the specific
weight of the polarization effects, i.e., the more important
the part played by the particle-hole channel. At the same
time, in the gas limit, in which polarization effects are
unimportant and the integrals are accumulated in the re-
gion of A values large compared with the Fermi 4-mo-
menta k = (w, k), the accuracy of the local approximation
is insufficient.?” We recall in this connection that the local
approximation leads automatically to an unretarded effec-
tive potential R, which, of course, does not correspond to
reality, and it is this discrepancy that is manifested in the
gas limit.

A serious mathematical shortcoming of the local ap-
proximation is that in it we impose on the functional de-
rivative of the response function certain symmetry proper-
ties not inherent in it. Indeed, in accordance with (19) the
derivatives 8y (q)/8p(k) and 8y (k)/8p(q) are equal. In
reality, such equality does not hold at all for the variational
derivatives of y but holds for those of y ~!, since it is
x ~ ! that is the second variational derivative with respect
to p of the total energy E; [see (5)], and therefore

8’E,
6p(x)6p(x1)6p(x2)

&y )
8p(x,)

8y~ ' (x1xp)
8p(x)

83)

The second derivative §%y/8p8p is related to the deriva-
tives of y ~! by

6)((x1,x2) ( ) = (x3,%4) ( )
dp(x)8p(x) U f XX gy XS
Sy~ 1(.x ,X6) 1
><"—5p(;?)—6 X(Fox) =5 X (1x3)
(S I(X3,X4)

Tdx; (84)

XW—)X(M,X:)
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Substituting here the expressions for 8y~ !/8p and
8%y ~'/8p8p, we obtain, in place of (19),

8% (q) AN C)
Sp(ep( — k)~ XD 5 X+ k)
Sy g+k)
62 —1( )
—x(q) £ (9). (85)

sp(k)op( — k) X

If to calculate the derivatives &y~ '/8p and
8% ~1/8p8p here we use the local approximation (19)
and, having obtained

by ) Sx gtk

Sp(k) — dp ’
Fx (@) dx " Ng+k) -
Sp(k)dp( — k) — dp® ’

substitute this result in (84), and substitute (84) in the
basic equation (11) for the effective potential, then the
solution of the integro-differential equation constructed in
this manner will now depend on the frequency w. Without
violating the symmetry condition (83), we can make this
equation more accurate if we calculate the variational de-
rivatives of y, head on (see Appendix C) and use the local
approximation only for the derivatives of the potential R.
Then the equation for R will take the form

1
RO =7"(K) =5 f f 7 (@) | %) P(g.k)x(g)

+ 2%(q)I'(¢.,k) T(q + k)I'(g,k) x(q)

1 dR(q)
+ 2%(q) 1" (g:k) (g + k) TX(Q)

R(k +q)

d
+ 2x(q) —dp_ x(q+ k)I'(g,k)%(q)

dR(k +q) dR(q)
2 —x(a+ b == x(9)

d’R(q+k) ) d*qdg
dp2 X\q (27)43’

+x(q) (87)
where T=Rx, I'(gk) =
= &x0(9)/8p(k)8p( — k).
The main difference between the basic equation (20)
and Eqgs. (86) and (87) is that the solution of both the one
and the other now depends on the frequency w. Thus, one
of the obvious shortcomings of the local approximation is
now eliminated. Further refinements in the procedure for
the approximate solution of the functional equation (11)
are obtained by considering the three exact equations for
the blocks R, O', and O Naturally, they are not closed,
since they also contain the blocks O° and O*. If the latter
are calculated in the framework of the local approxima-
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tion, then the considered trio is closed, after which it can
be solved by numerical methods.

9. CONTRIBUTION OF THE A-RESONANCE DEGREES
OF FREEDOM TO THE BINDING ENERGY OF
NUCLEAR MATTER

The functional approach developed in the previous sec-
tions can be significantly extended by applying it, for ex-
ample, to the microscopic calculation of superfluid Fermi
syst:ems34 and to take into account the contribution of non-
nucleonic degrees of freedom, the most important role
among which is played by the A isobar, to the binding
energy and other properties of nuclear matter.”* In this
section, we consider the latter problem in detail. As has
been shown in numerous investigations, beginning with
Ref. 28, the appearance of the virtual A isobar in the in-
termediate states leads to the appearance of effective many-
particle nucleon-nucleon forces. A quantitative approach
to calculation of the parameters of these forces can be con-
structed as follows. We write down the nuclear one-boson
Hamiltonian with allowance for NA transitions:

Hy= | [8upbn(0010) + ghaplia (09000 1,
(88)

where piyy =V OWy, pa =Y 0¥, + Vi Oy
Here, the terms pj, are omitted, since, as follows from
quark analysis, the constants gy, are small compared with

gny and gya.

For simplicity, we restrict ourselves to a Hamiltonian
containing the A resonances and scalar bosons (the obvi-
ous generalization to the pseudoscalar case will be consid-
ered below):

Him=f [gnmoan(X) + gnapna(x) 1p(x)dx.  (89)

To eliminate the bosonic and non-nucleonic degrees of
freedom, we use equations of motion written in the sym-
bolic form

— D~ lp=i[Hypop;

Gy 'Wa= — [Hino¥al, (90)

where D and G, are the propagators of the ¢ bosons and
WY, fermions, respectively. For the bosons, we have

— D™ 'Y=gyy V5 Yy + gna (W5 Wa + ¥ ¥y)
91)
and, therefore,
Hiy= + {gyn¥y Y¥DY5 ¥,
+ 2gnngna¥y YD (¥y W + V5 Ty)
+ Gya(UF WADWF W, 4+ 20,5 W, DV Wy,
TN 7920l %Y (92)

Thus, after the field @ has been eliminated, we obtain a
four-fermion Hamiltonian with terms corresponding to
emission, absorption, and rescattering of A particles (Fig.
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3). Note that the Hamiltonian (88) also takes such a form
when the meson—isobar interaction is taken into account.
To go over to the nucleon-nucleon Hamiltonian, it

“merely” remains to eliminate the fields ¥, and ¥4 . From
Eq. (90), we obtain
Va=gnaGa¥nep;

(93)

Vi =gnaGLly ¢. (93)

For convenience of the following calculations, we note
that when Eq. (91) is taken into account the Hamiltonian
(88) can be written in the form

H,,= — @D~ (94)

and Eq. (91) itself, on substitution in it of (93) and (93'),
is closed with respect to @:

=[gnyD¥3 ¥y + guaD(V5 Gy Wy + ¥ aA\I’N)‘P](-g )
5

Below, we shall solve Eq. (95) and use it to construct an
effective Hamiltonian of the problem.
We introduce the notation

An=ghn; Ai=gn

—WiWy T=WFG\Wy+ VG Wy;
N=@/8nn- (96)
Then Eq. (95) can be rewritten in the form
D~ n=p + A,T, (97)
and its solution will be
n= 2 AL(DT)"Dp. (98)

Therefore, the effective nucleon—nucleon Hamiltonian
(94) can be written in the form

Hint =A’N Z
nk

To calculate the contribution of Hj,, to the ground-state
energy of the system, we use (94). In the notation of (96),
we obtain

AL+ (DT)"+*Dp. (99)

A A
aEim=7”A L" (nD~'q)dAL. (100)
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Taking the derivative of both sides of (97), and using the
chain of equations

7D~ 'n=pn + AnTn

an
=pn + AsnD ™ (1 + ApDT) m—
EYR

an
=pn + Aan(D ™! + A,T) EYN

=P+ AP G
—Pm (Aam), (101)
we obtain
SOE;,, = (172)An{p7), (102)

where 7) is determined by the expression (98).

We now recall that the mass difference My, — My is
~300 MeV, and s% ~ 40 MeV. Therefore, in the calcula-
tion of the nuclear contributions the dependence of G, on
p and ¢ can in a first approximation be ignored, by settmg
Gy(pe) =Gy = —1/(M, — My). Then T= 2G,p and

the contribution to the energy is given by the series

l A\ oS
SEim=5 &P }n) (g34)"D(2GAP) D...(2GAp)...Dp

1
=58 2 (285uGa)"D"p...p--p). (103)

This relation is still valid when the pseudoscalar nature of
the pion is taken into account.

Regrouping the terms in the series that gives 6E;,,, we
obtain

18kn f f 2
8E == (n)
t 2 2 n§2 X

X (g1.-gx) 1] (2GAgHAD(4))

X {1 + 2GApgksD(g1) + 2Grg%sD(g;)

X 26 nD(91) x(9:9,) Ydg,...dq,,. (104)

V. A. Khodel' and V. R. Shaginyan 226



e
>
N

FIG. 4. Simplest contributions to the pion polarization operator.

The series in the curly brackets can be interpreted in terms
of Feynman diagrams (Fig. 4).

Collecting together all the reducible diagrams, we ob-
tain the renormalized pion D function in place of the bare
function. We emphasize that here the renormalization in-
volves only diagrams of the transition 7—A + N and not
those of #— N + N, which are already included in the cor-
responding response functions (™). The upshot is that we
obtain

SE. _L(any Z_L i qu dgn_ ™
int 2 N, 2GA =, 1o n—1

n—1

X (q1-Gn_1) I_I1 D(q)),

where D = 2GagiaD/(1 + 2Gpp + ....) .

We now note that in this section we have nowhere
distinguished the effects associated with the presence of the
nuclear medium from the vacuum effects. Therefore, (105)
contains all the divergences inherent in standard quantum
field theory—in the first term of (105), say, we have the
integral of the product GG, which contains an ultraviolet
divergence that does not depend on the density of the me-
dium and is due to the renormalization of the nucleon mass
by the meson field. The prescriptions for eliminating these
divergences are the same as in quantum field theory. Cal-
culations of 8E;, in accordance with Eq. (105) are cur-
rently being made.

(105)

CONCLUSIONS

In this paper, we have proposed a nonperturbative ap-
proach to the calculation of the basic properties of Fermi
systems in terms of the potential of the vacuum interaction
of the particles. We have written down an exact system of
coupled equations for the frequency-dependent effective in-
teraction between quasiparticles in a medium. In contrast
to the Jastrow correlation approach, cluster approach, etc.,
in which one usually introduces a phenomenological two-
particle correlation function and determines its parameters
by a variational method, such a procedure is completely
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absent in the present approach. In this respect too it is a
‘““descendant” of the approaches developed in solid-state
theory.

From the system of exact coupled equations, we have
obtained approximate but much simpler equations. In the
derivation of these equations, which, as we have shown,
can be used practically, we have made a number of simpli-
fications, the accuracy of which has largely still to be es-
tablished. The first problem to be attacked in this
direction—comparison of numerical results of this ap-
proach based on models with the results of the correspond-
ing Monte Carlo calculations—has in part been completed.
The comparison made for two systems—electron liquid
and neutron matter—indicates that the method is effective.
Unfortunately, it is not yet possible to test in this manner
the hierarchy of equations (or at least a pair of equations)
because of limitations of the computational technique.
However, the system of even two equations would make it
possible to obtain much more information—in the first
place, the nonlinear response, with which double 3 decay is
associated, microscopic calculations of the parity-noncon-
serving mean field, etc., and, second, the linear response
function that is also obtained in this calculation would
make it possible to analyze the resonances of the system, in
particular their widths.

If the proposed approach ‘‘survives,” then one can
consider further investigations at finite temperatures, the
generalization of the approach to the description of super-
fluid systems, and, in particular, for calculation of the gap
A in terms of vacuum forces. It is possible that the method
could be generalized to Bose systems. In nuclear physics
there are, besides the two main problems—1) determina-
tion of the constants of the theory of finite Fermi systems;
2) microscopic calculation of the equation of state of nu-
clear matter—some problems for the solution of which this
method could be suitable, for example, calculation of the
P-odd component of the NN interaction in a nucleus, cal-
culation of the parameters of the self-consistent nuclear
potential that acts on the A and = particles in a nucleus,
calculation of the equation of state of neutron matter, and
the study of nuclei far from the stability band.

We are most grateful to M. Ya. Amus’ya, A. M. Brat-
kovskil, V. N. Efimov, N. E. Zein, E. E. Sapershtein, S. V.
Tolokonnikov, and S. A. Fayans for a fruitful discussion of
the problems considered here.

APPENDIX A

Here, we derive the relation (4), which relates the
change 6E, in the internal energy of the system in a weak
external field 6¥(r,t) to the linear response function y.
We shall use the same method as for the derivation of the
Lehmann expansion for y (Ref. 14). We write down the
perturbed ground-state wave function W:

V()= 2, a,(t)eE|n) (A1)

with boundary condition a,(t - ) = 8, Here, |n) is
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the exact nth state of the system. In the first order in the
external field 5V ~ €'~ 7,

(P ) 08V o(kw) .

- — (0 — wyg)t
an(1) ®—0+in
3 (Pk)no5V3‘(k‘,w) o+ o0, (a2
@+ Do+ 17

where w,0=E, — Ey, py’ =Z2a," a,  ,1-0.
Substituting (A2) in the expression for p and going
over to the Fourier transform with respect to the time, we
obtain the Lehmann expansion for the response function:
1

©— 0+ ©+an+in|’

yko)= 2 |(p)nl?

in which the imaginary part of y, which is usually called
the dynamical form factor and denoted by .S, is represented
by the expression

Sko)=—Imy(ko)= 2 | [55(0 — o).

(A4)
It follows from this that
® 1
x (k)= fo dwS(k,0;) [m
1 .
-], AS
oy 177] (A5)
or, otherwise,
®© 2(01
Re y(k,w)=P f S(k,w;) 75— dw,. (A6)
0 wl —

Setting here @ = k = 0 and taking into account the relation
(12) between y(0) and the compressibility of the system,
x(0) = — p/K, we find

do, p
f S(O,w,) a)_1=ﬁ( .
This is the sum rule for the compressibility.'* Note that the

integral over the frequency of S(%, w) is called the static
form factor S(k). As follows from (A4),

(A7)

1 ©
S0 =(0lpi" pul0) = f doS (ko). (A8)
0

It can be seen from the definition of the static
form factor that it is directly related to the expectation
value of the potential-energy operator Hj,
= ;27 (k)a,", 1, @ydp, 41 Substituting here the opera-
tors a and a™ in order to express Hj, in terms of p; and
pit, we find

1
Hy=5 2 770 pe—p?7(0), (A9)
and, thus,
! D7 (k . Al0
(Him>=$ f (Sk) — 17 ( )(2—17_)3- ( )
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By means of (A8) and (A4), (H;,) can be related to
the imaginary part of the response function y, and now, by
means of the well-known Feynman-Hellmann formula,

oE

ga_g= (Hiy), (A11)
we can readily obtain the energy ¢ per particle:
e='ro—§1; J. JV(k) [Im y(k,w)
d*(k)
+ 2mpé(w)] 2’
(A12)

where 7, = 3€3/5 is the kinetic energy of the system per
particle. The integral along the real axis of @ can be re-
placed by the integral along the imaginary axis, where the
function y is real (for details, see Ref. 14), and as a result
the expression (1) is obtained.

We now calculate the expectation value of the Hamil-
tonian of the system, (W,(z)|H|¥,(?)), taking into ac-
count as well the variation of the coefficient ay(z) in the
second order of perturbation theory. Then

8’Eg= (Vo|H|¥,) — E,
| (P& )osl?6V (k) 8VE (k)

=— Py —— (A13)
Comparing (A3) with (A13), we finally obtain
8Ey= — 3 8Vy(k,w)y(k,w)8V¥ (ko). (A14)

APPENDIX B

In this Appendix, we obtain a system of coupled equa-
tions for the effective potential R(k, ) and its functional
derivatives. We begin with the exact equation (10):

R(k)=7"(k)
1 5 dg d%
~28p(8p (k) [ 7 @x@ g @m*
(B1)

To calculate the functional derivatives of y, we write down
the system of variational relations derived directly from the
definition of the functions y and x [see Egs. (7) and (8)].
We have

Sy =n8xox + XORx;
6x=x6Ry + Téxox;
8T=Tby,T + »6Rx,

(B2)

where we have introduced the scattering amplitude T,
which satisfies the equation

T=R + Ry,T, (B3)
which has in compact form the solution T = Rx

On the basis of (B2), we can also readily calculate the
second variation of y:
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8%y =18y + 280 TSx o + 2:8x0ORY
+ 2¥6Rx6Xox + 2x6RYORy + x&*Ry.  (B4)

After substitution of these relations in (B1), we obtain
the equation for the effective potential R given in the main
text of the review:

1
R(K)=7"(k) 3 f f 7 (@)[x(9)I*(g,k)x(q)
+2x(g)I'(¢,k) T (g + k)I'(g,k)%(q)
+ 2x(g)I'(g,k) (g + k)O'(g,k)x(q)

+ 2x(9)0'(g,k) (g + k) I'(g,k)%(q)
+2x(9)0'(g,k)x (g + k) O'(g,k) x(q)

d*qdg
+ x(9)0*(g:,k)x ()] @' (BS)
Here, we have introduced the notation
5x(q)
l — —
8%x(q)
2 — ————————————®
I (q’k)_ap(k)ap( Y
SR(q)
1 —— c—
5’R
0*(g.k)= (B6)

“Sp(k)sp(—k)

The factor 2 in front of all the terms in (BS) except the
first and the last arises as a result of the sum over the
transposition of the momenta k and — k.

Thus, the effective potential R of the two-particle in-
teraction can be expressed in terms of the blocks of the
effective three- and four-particle interactions O' and 0%
One can also derive equations for these blocks by varying
(B1) two more times, but then new variational derivatives
03, 0 etc., appear. Ultimately, we obtain an infinite se-
quence of integral equations for the effective amplitudes of
the many-quasiparticle interactions. Any of the equations
of this system contains just one integration over the inter-
mediate 4-momentum ¢, and in place of the cumbersome
exact Green’s functions with complicated analytic proper-
ties they contain relatively simple propagators of free par-
ticles moving in the self-consistent field U=6W/5p.

With increasing number of variational differentiations,
the number of terms in the equations rapidly increases,
and, to make the resulting expressions less cumbersome, it
is helpful to introduce symbolic notation. We denote by
I’ the ith variational derivative of y,, and by O’ the corre-
sponding variational derivative of R. It is easy to see that
on the right-hand side of the equation for the block R there
arises a sum of different products containing the blocks
I'and 0" (I+ n<i+2) and that: 1) the amplitude T al-
ways appears between any two blocks I’ and F; 2) between
two O of any blocks I' and O there is always the effective
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field x, and between two @ the response function x; 3) if
a term begins with the “letter” x, then it is followed by a
block I, and if it begins with the “letter” y, then it is
followed by a block O. It ends with the “letter” x if in front
of it there is a block I, or with the letter y in the case of a
block O (this is a trivial consequence of the requirement of
Hermiticity of the result); 4) the sum is taken over all
nonidentical transpositions of the blocks O and I of the
superscripts i and j and incoming momenta k; 5) the ar-
gument of the potential 7~ in the integrand is always equal
to the current 4-momentum g; in the functions T, %, and y
in the integrand it is shifted. This shift is determined by the
4-momentum absorbed up to this time, i.e., by the sums of
all the arguments in the densities p(k;) with respect to
which variation is performed in the O and I blocks in front
of the considered block [the sum of the arguments of all the
densities p(k;) in the variational derivative
8"W/8p(k,)8p(k,)...8p(k,) must be zero by virtue of the
homogeneity of the system in space and time, i.e., 2{k;
= 0]; 6) an integration is performed over the single current
momentum ¢ and over the coupling constant g. Following
these rules, we can readily express in symbolic form the
equation for the variational derivative:

SR (ky) 8w
8p(ky) ~ Bp(ky)dp(ky)p( —ky — k)
We shall use brackets to denote a summation and an inte-

gration over all intermediate variables and permutations of
the momenta. Then

O (ky,ky) =

O'= — 3 (¥ [#I'TI'Tx + xI'TI'xO'y
+ wI'%0'%I'% + yO'>I'TI'x + xI'xO'yO'y
+ xO'%I'xO'y + xO'xO'»I'x
+ YO'xO'xO'y + xI' TP + xI*TI'x
+ 2%I'% 0% + xO*xI'x + xO'%I*x + xI*xO'y
+ yO'xO%y + xOxO'x + xI’x + xO?x1).
(B7)

The expression of the following equations for O?, 0, etc,,
can be further simplified if one does not write out explicitly
the functions y, %, T, and 7~ but assumes that they are
always present in the corresponding 7 and O blocks. Then
(B7) can be expressed quite concisely as a sum of zeros
and ones:

o'(1'1'1' + 1'1%! + 1'0'0! + 0'0'0! + 121! + 1%0!
+ 0*1! 4 0% + 13 + 0%). (B8)

With the block I” there is associated here the symbol 17
and with the block O" the symbol 0”. The corresponding
expression for 0? is

O0* - (1111111 4+ 11111'0! + 11170'0! + 110%0'0!
+ 0'0'0'0!
+ 12111 4+ 121'0" + 1%0%0! + 1212 + 1'0% 4+ 0%111!
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+ 071'0" + 0%0'0" 4 0%0% + 1°1 4 1°%0' + 0°1

+0%0" + 1* + 0% (B9)

To return from here to the normal expression, it is
necessary, as we have already said, to substitute in (B9) in
the necessary order the 7", x, y, and T blocks with the
arguments that arise as a result of the variational proce-
dure, carry out all the necessary permutations of the “ze-
ros” and “ones,” and also the incoming momenta, and,
finally, integrate the resulting expression over the coupling
constant and the single 4-momentum ¢. Proceeding in this
spirit, one can derive the equation for any block O". One of
the distinct advantages of the resulting system, which is
equivalent to the exact system of equations of the cluster
theories, is that we can write in symbolic form any of the

equations of the system without writing out the previous
equations:

0" X (Y)a(1k)%(15m)om(0h)P1(02)Ae... (0o,
(B10)
Here, k| < k; < ... < k,, are positive integers, like a8;,
and/; <l < ... < Iz(1f)@ = 1k11%_ 151 These num-
bers are not arbitrary but are related by tal)]tciemgne condition

klal + k2a2 + ..+ k,,,a,,, + llBl + lzﬁz... =+ lan=i + 2.
(B11)

APPENDIX C

To solve the system of equations obtained for the ef-
fective potential R and its functional derivatives, we need
the blocks I" = 8"yy/8p(1)...6p(n). They can be calculated
successively—first 7', then I?, etc:

Sxo(P)
1 —
1 (q,k)—ap(k)
8Go(p)
6Go(p +q). d'p

(C1)

As throughout the paper, the integral sign also includes the
operation of summation over the spins. The variational
derivative 8Gy/8p is made up of two terms. One is related
to the circumstance that in the case of variation of p with
wave vector k the system ceases to be homogeneous, and
even the propagator of the noninteracting particles is
changed. This contribution can be calculated as follows.
When the external field §¥ is applied, the change in the
Green’s function of the noninteracting particles is 6G,
= GydV Gy From this, dividing by 8p(k), we find

61Go(p)

—_— -1

The other contribution to the variational derivative of
G, is due to the change of the self-consistent field Uy
68Uy = Rép,and
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8,Go(p)

——;p(()k'l; =Go(p)Go(p + K)R(K). (C3)
Adding (C2) and (C3), and using (6), we obtain

8Gy(p)

S = Go(P)Gop + kxR -

Substituting this expression in (C1), we finally find

INgk)=x5 "(k)I,(gk), (C5)
where I1(q,k) = 8y,(q)/8Vy(k). In expanded form,

L(gk) = f [Go(p)Go(p + K)Golp + 4 + k)

a
+ Go(p)Go(p + 9)Go(p + k + q) ] (2:)3 )
(C6)

The block I, is now symmetric with respect to permuta-
tions of all momenta, since it represents the third varia-
tional derivative of the energy with respect to the external
fields.

The next variational derivative,
P(g,ky,k;) =81"(g,k1)/8p(ky), (C7)
can be calculated by repeated differentiation of (C1):
P(kng.ky) =xo I(kl)lz(kl,%kz))(o_ Y(ky) — xo '(Ky)
XIy(g:ky + k) xg ' (ky + ky)

X I (ki + kpq)xo ' (Kp), (C8)

where
I)(ky,9,k;) = f [Go(p)Go(p + 9)Go(p + g + k1)

X Go(p+ g+ ki + k3) + Go(p) Go(p
+ k) Go(p + ki + k)

X Go(p — q) + Go(p)Gol(p + k1)
XGo(p — g — k) Go(p — q)

+ Go(p)Go(p + k3)Go(p — g — ky)
XGo(p—q) + Go(p)Go(p — g — Ky
—ky)

XGo(p—q—k1)Go(p—q)

+ Go(p)Go(p — g — k1 — k) Go(p

—q—ky)

X Go(p—q)1] (C9)

Qm4%’

As an illustration, we calculate by different methods
the effective Hartree-Fock potential Ryg(k). By defini-
tion, in the Hartree-Fock approximation
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xur(k) =x0(k) + xo(k)Rur(k)xo(K). (C10)

On the other hand, the Hartree—Fock response func-
tion yur(k) can be calculated head on by using the for-
mulas of quantum-mechanical perturbation theory:

d'p
(k) = f Go(p) T e () Go(p + K) 7357
+ f [(Gu(p) — Go(p))Golp + &)

a
+ Gy(p)Gyr(p + k) — Gy(p))] (—2;’;71.. (C11)

The Hartree-Fock vertex part 7 g is determined by
the integral

d'p
Tup(k)=1+ f G()Y (K)6(p + k) T

- f f G(») 7 (p—p)G(p1 + K)

d'p\d'p,
2n® (C12)
while the Hartree-Fock Green’s function is
Gur(P)=[e — &, — Zpr(®)] ™',
where
d'p
S == [ 70-m6e) G- (€D
HF (2m)

Substituting these results in (C11) and comparing
with (C10), we find

Ryuyp(k)=7"(k) — J Xo(p:k)
d’p\d’p
X7°(p — P1)Xo(P1,k) (le)‘sz

- f Go(p) Golp) Go(p + K)

d'pd’p,

X7 (p — 1) Go(p1) nt’ (C14)

where yo(pk) = (ny 4 — 1p)/ (€9 4 — £9 — ).

The same formula can also be obtained differently by
varying twice the Hartree—Fock energy Eyy with respect to
p and using Eq. (C5) for the derivative 8%y/8pdp:

1
Ra0)=7(6) =3 [ (@) a0

e (O (ORI (k) ﬁd‘tq
2Xo Xo 1Y, 1\q, Qnbi

(C15)
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Substituting here (C6) and (C9), and making simple ma-
nipulations, we again arrive at the relation (C14).
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